Notes 14.2: Derivatives and Integrals of Vector Functions

Monday, July 09,2007
1:22PM

Derivatives and Integrals of Vector Functions

r(t) vectorfunction

)(_

r'(t) gives avectortangentto the space curve defined by r(t). The length of r'(t) is the sped at which the
particle moves.

How to take a derivative of avectorfunction?
r(t) = <f(t), g(t), h(t)>
r'(t) =<f'(t),g'(t),h'(t)>
Example 1: Find r'(t) for r(t)=<1+t3, te’, sin(2t)>
r'(t)=<3t?, -te", 2cos2t>

By
Unittangentvector: vectorinthe direction of r'(t) with length 1. T(t)= (‘t)
—

\v Ce)|

Example 2: r(t)=<1+t3, te?,sin(2t)> Findthe unittangentvectorat the pointwhere t=0.
Aoy=<o V27
OIS L
gnit tangnt vector <O 45 (&7

Tangentline ata point: line through r(to) in the direction of r'(to) or T(to)

Example 3: Find the tangentline through the pointwhere t=0as in examples 1and 2.
r(t)=<1+t3, tet, sin(2t)>
Point: r(0) =<1,0,0>

Vectorequation of tangentline:
L(t) =<1,0,0> + t<0,1,2>
Parametricequations:

x=1
y=t
z=2t
Example 4: Letr(t) = ¢ 1 “"(2" t)J
= Findr'(t)

= Sketchr(1)andr'(1)

Findr'(t):

F\(t)=<1’:k2/ 2-t>
AP
40 (ZE, -1 >

Clntal.
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SdKedn:

FOYECLI> F)=<E, -

Canwe sketchr(t)?

T x={t  y=2t
i _ 2 2
£ x tj:Z«;c

V)

Example 5: Find parametricequations for the tangentline to the helix.

Helix: x=2cos(t), y=sin(t), z=tat (0,1,1/2)

Si(\zb fC@Szt:l

X =z coct
Z

vy x 2| Ellipse
FT

Vectorequation: 7 (t)= < Zcos £,sint, +>
) <C2sint cost, 12
/

Whatvalue of t gives (0,1,71/2)
t=r/2
?'(%E) = <"2/O/'>

So, equationsare:

Second Derivative: r(t) asr"(t)

Definition: A curve given by avectorfunctionr(t) onan interval | is called smooth if
= r(t)iscontinuous
= r'(t)#0 (isneverOonl)

Example 6: Isthe helix from example 5smoothwhen =R
= |tiscontinuous
= Yes,never0
Soitis smooth

Example 7: Determine if r(t) =<1+t3, t>> is smooth.
= Yes, continuous
= r(t)=<3t? 2t>
Notsmooth, when t=0thenr'(t)=<0,0>
r(0)=<1,0>

x=1+t3, y=t2

0

(1,0)

Differentiation Rules:

u, v =vectorfunctions
c=scalar
f=real-valuied fiinctinn
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d[ (—t)h/(’c)] d g @) +,dl_ 7&)
Z>d;}[c J@)]: c 436)
3> ,d_/{(‘f) J(t)] = F(Jc) J'(f)4 -,P’(t) @&)
ot

L‘)_o\_[a(f)' \7@] = 5 (0)0'k) + 58) v )

dt
S> ,QL[ V(i] \} XV GE) + U G)"v&) * ordev m portent
L) A / G(f (t))] P BR)  * chan ule

dt

Integration of Vector Functions:

F(—t) &-t is defined by integrating components.

Example 8: ?C‘t) = ZCOS £+ Sin“{:j + 2t /<

Find /;%F(t)gl%

z
ff(fjoktjzsmti ~CoS‘(7J + 7k z
(200, F8) - (01240
=7 —J* ’J[sz (\/e,c-lvr)

Example 9: Show that if l rA('t) ’ = (C thenr'(t) isorthogonal to r(t) forall t.
NOTEs £ (t)- FC‘C)=lr)(t)(Z =c"®
Afeler 7G4 () =0
At
Flo)- e+ lee ()
22 (4)- 2 ' (t)=0
Fle) 7 () =0
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