Notes:15.4 Part |

Wednesday, July 25, 2007
1:27PM

Q:f(x,y,z) a"nice" function of 3variables. How many 3rd partial derivatives does it have?

Af
"stars + bars" method

xxlyl

‘>K ‘ >K *-"1%2 How many ways are there toline up 3 stars, 2 bars?

l _>_k i E< iK 5 blanks, each one gets * or |. We're choosing the 3 places the stars go.
How many ways are there to choose 3 objects from 5.
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kll) : Hh(n —k)!
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'F(_)(” Xn) How many k-th partial derivatives?
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We need n-1bars. % V\—H'k
Intotal, n-1 +k blanks. We want to choose k k

Aswe zoominon the curve, the curve becomessimilarto the tangentline.

TangentPlanes:
Onevariable:tangentline /

rd

In2 variables: we have the tangent plane.

Take a surface S given by z=f(x,y). Let P(xo,yozo0) be a pointon S. Assume f has continuous first partial derivatives.

T T Let C1, C2 be the curves on S through P, parallel to the coordinate axis.
z /i Let T4, T2 be the tangentlinesto Cy, C2 through P. The plane defined

C by those 2 linesisthe tangentplane.

Let'sfind the equation of the tangent plane. Any plane through P is A(x - xo) + B(y - yo) + C(z- z0) =0
Let'sassume Cis not0 so we divide by-C.
a(x-xo) + b(y-yo) =(z - z0)
Q:What isthe intersection of the tangent plane withy =y,?
A:Theline Ty

T1has equation.
Slope: fx(xo,Yo)
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z=f(Xo,Yyo)(X - X0)
a(x-xo0)=z-2z0 istheintersectionofthe tangentplane withy=yo.Soa= fx(xo,Yo).

Similarly, b=fy(xo,yo).

Sothe equation of the tangent plane to the surface z = f(x,y) at P(xo,Yo,20) is z - zo= fx(Xo,Yo) +fy(Xo,Yo)(y-Yo)
Note: zo = f(Xo,ya)

Example: Find the tangent plane to the ellipticparaboloid z=2x? + y? at (1,1,3).

'F(YMS ) ZXZ’“ﬁZ
—Fv = Yy £ = ZLj

2.2 =4(g-1)+ 2(33-0

Linear Approximations:

Recall: Curve similartotangentline nearthe point of

/_\ tangency.

Ourlasttangentplane wasz - 3 = 4(x-1) + 2(y-1) Idea: near(x,y) =(1,1), L(x,y)~f(x,y)
=4x-4+2y-2
=4x +2y -6
z=4x+2y-3

L(-K IU‘Q

e.g.(1.1,0.95)
L(1.1,.095) =3.3
£(1.1,0.95) = 3.225
How do we get linearapproximationsin general?
Ingeneral the tangent plane is given by z - zo = fx(Xo,yo) (X - Xo) +fy(Xo,yo)(y - Yo).
S0z =L(x,y) =fx(xo0,y0) (x - X0) +f(Xo,Yo) (y - o) +f(x0,y0)
*Notation: Thisisalso called the tangent plane approximation.

Recall: We only defined tangent planes for fy, fy continuous.

Q: What isthe notion of differentiability for functions of two variables?

Function f(x) of one variable. Ax, Ay
Ax can be anything (independentvariable)
Oy = f(a+Ax) - f(a)

Iffis differentiable ata, Dy = f'(a) Ax + EAx
Where E->0 as Dx ->0

How to dothis for 2 variables? We setup Ax, Ay (increments) both are independent variables.
Az (totalincrement) =f(a+ Ax), b + Ay) - f(a,b)

A: We say f(x,y) is differentiableif Dz =fy(a,b)Ax + fy(a,b) Ay + E1Ax + E2Ay where E1, E; ->0 as (Ax,Ay) -> (0,0)

Theorem: If the partial derivatives fy, fy are continuous ata point (a,b), then the functionis differentiable at that point.
Useful for proving somethingis differentiable but cannot prove that somethingis not differentiable.
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Q:f(x,y) isdifferentiableat (a,b) Can we conclude its first partials are continuous.
A:No

Example:f(x,y) =x?+y? Show that fis differentiableat (1,1).

_FX: ZX —HJ: Zj

Both are polynomials sothey are both continuous, so fis differentiable.
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